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1. INTRODUCTION 
1.1. Let D be a field and let D* be its multiplicative group. 
Consider a subgroup G c D* and a subring K of the center of D. We denote 
the subfield (the term field in this paper is used in the “skew field” sense) 
generated by K and G by K(G). When K is the subring generated by the unit 
elements, i.e., K = Z or K = Z,, we simply say that D is generated by G. 
The main result of the article is the following theorem. 
THEOREM 5.2. Let D = K(G) be a field generated by a polycyclic~by~ 
finite group G. Then any noncentral normal subgroup U a D* contains a 
noncyclic free subgroup. 
It is known from the results of K. Brown, Farkas and Snider, and Cliff 
that a group algebra of a torsion free polycyclic-by-finite group contains no 
zero divisors and hence has a field of fractions. We have, therefore, the 
following corollary of Theorem 4.4. 
COROLLARY. Let D be a field offractions of a group algebra of a torsion 
free polycyclic-by-finite group G. Then any noncentral normal subgroup 
U -CI D* contains a noncyclic free subgroup. 
The remarkable result of Tits (see [ 11) states that any matrix group over a 
commutative field is either soluble-by-locally finite or contains a noncyclic 
* The work on the article was completed when the author spent the Spring quarter at the 
University of California at Santa Barbara. 
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free group. Tits’ theorem is not true when the field is replaced by a skew field 
(see [2]) but Theorem 5.2 and Theorem 5.1 below support the conjecture 
that Tits’ alternative may be true for a linear group over a field D generated 
by a polycyclic-by-finite group and, in particular, for subgroups of D*. 
When G is poly {infinite cyclic} and D is a field of fractions of ZG, 
Bachmuth and Mochisuki [3] proved Tits’ alternative for a class of 
subgroups of SL,(D). They reduce also some problems about the 
automorphism group of the group F/y,(R), where F is free, R a F and 
F/R = G, to Tits’ alternative in SLJD). (D is the field of fractions of ZG; G 
is polyinfinite cyclic.) 
Theorem 5.1. will be obtained as a special case of a more general result. 
To formulate this result we recall first the following concept. 
Let R be a ring’ and S be a subring. A system of elements e, = 1, e, ,..., e, 
is called a system of generators of R over S, normalizing S if 
(i) It holds for every s E S that 
e,s = pi(s) ei, (1.1) 
where o’i is an automorphism of S (i = 1,2,..., n). 
(ii) The elements e,, e, ,..., e, generate R as a right S-module. 
The concept of a normalizing basis is defined similarly [4, p. 2761. 
We call the group @ of automorphisms of S generated by the 
automorphisms oi the automorphism group generated by the system e, 
(i = 1, 2,..., n). Let G be a subgroup of the group of units of S* of S. We say 
that @ is almost inner on G if G is @-invariant and all the elements of @, 
whose restrictions on G are inner automorphisms of G, form a subgroup @,, 
of finite index in @. We say also that the system of generators generates an 
almost inner group of automorphisms of G. 
Mostly we deal with a case when R = K[G] is a ring generated by a 
polycyclic-by-finite group G and F u G is a normal subgroup of finite index 
in G. Then any transversal of F in G forms a normalizing system of 
generators of K[G] over K[F] which generates an almost inner group of 
automorphisms in G. 
We can now formulate our second main result. 
THEOREM 5.1. Let D be an injkite field generated by a polycyclic-by- 
finite group G. Assume that a ring R has a basis which normalizes D and 
generates an almost inner group of automorphisms of G. Let T be the 
nilpotent radical of R and let N CI R” be a normal subgroup of the group of 
’ All the rings in this paper are associative with unit; all the subrings, which are considered, 
contain the unit of the ring. 
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units R* of R. Then N either contains a noncyclic free subgroup or satisfies 
the relation N’ c 1 + T. 
COROLLARY. Under the conditions of Theorem 5.1 any normal subgroup 
N 4 R* is either {nilpotent of class <n]-by-abelian or contains a noncyclic 
free subgroup. 
Proof It is known (and can be verified easily) that under the conditions 
of Theorem 5.1 we have T” = 0. But in this case the group 1 + T is nilpotent 
of class <n and the assertion follows from Theorem 5.1. 
Now let G be a polycyclic-by-finite infinite group. It is well known that G 
contains a normal torsion free subgroup G, of finite index, say, n. Let KG be 
the group algebra of G over a field K. It is well known that there exists a 
ring S of fractions of KG with respect to KG,\(O}; S is a ring with 
minimality conditions and hence every element of S is either a zero divisor 
or invertible. Let S* be the group of units of S. 
We have, therefore, that any normal subgroup U 4 S* either contains a 
free subgroup or satisfies the relation U’ c 1 + T, in the last case it is 
nilpotent of class <n. 
1.2. We describe now the main ideas of the proofs and some 
technical results obtained in Section 4. 
Although we are interested mainly in the fields of the form D = K(G), we 
will consider in the proofs the situation when a ring R is generated by a 
subgroup G <R * of the group of units and a central subring K; we denote 
such a ring by R =K[G]. Clearly, K[G] is a homomorphic image of the 
group ring KG. 
When G is polycyclic-by-finite Hall’s theorem (see [4, Corollary 10.2.81) 
implies that its group algebra is Noetherian. A Noetherian domain must be 
an Ore ring, by the Goldie theorem (see [5, Theorem 5.3.51). This implies 
easily that if G is polycyclic-by-finite then K(G) is a ring of fractions of 
K[G]. The ring K[G] in this case has a form K[G] = KG/Z, where Z is a 
faithful completely prime ideal of KG. (We recall that Z is faithful in KG if G 
is embedded isomorphically in KG/Z.) 
It is worth remarking also that a field D = K(G) is a KG-field in the 
terminology of [6, Sect. 7.21. 
In our proofs we reduce the problem to the case when K = Z or K = Z, 
and the group G is an extension of a finitely generated torsion free nilpotent 
group by a free abelian group and the ring R has a finite basis, which 
normalizes K(G) and generates an almost inner group of automorphisms in 
G. If N is the center of the Fitting subgroup p(G) of G then in this case we 
have by Zalesskii’s theorem (see Corollary of Proposition 2.3) that K[G] II 
K[N] x G/N. The results of Bergman and Roseblade, related to the solution 
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of Hall’s problem on polycyclic groups, make it possible, for any given 
nonzero elements x1, x2,..., xk E T[G], to find a maximal ideal A 5 T[N] 
such that A has a finite G-orbit, say, A, = A, A, ,..., A,, and 
Xj~A,G (j = 1, 2 ,,.., k; i = 1, 2 ,..., n) 
(see Proposition 2.6). We use the localization technique and in particular one 
result of Passman (see Proposition 2.2) to prove Theorem 5.1. 
Roughly speaking, this theorem can be described in the following way. Let 
R have a normalizing basis over a field D, which is generated (over Z or Z,) 
by a polycyclic-by-finite group G with Hirsch number n(G) > 1 and let the 
group 9 generated by this basis be almost inner on G. Then in some sense R 
can be approximated by a family of rings, such that every ring 8 of this 
family has a basis u1 = i, &,..., 0, which normalize a subfield A, which is a 
ring of fractions of Z$, where F is a poly(infinite cyclic} group with 
h(F) < h(G). Furthermore, the group of automorphisms generated by the 
basis 6, = 7, fi z ,..., 6, is almost inner on E It is important hat it is obtained 
at the same time some approximation of the group of units of R * by groups 
of the form (a)*. 
Theorem 4.1. makes it possible to apply the induction by h(G) in the proof 
of Theorem 5.1. The proof of theorem 5.1 also makes an essential use of Tits’ 
theorem. 
2. PRELIMINARIES 
2.1. We recall first of all that a subset A4 of a ring R is a right 
denominator set if 
(i) O&MM, 1EM. 
(ii) A4 is multiplicatively closed. 
(iii) Given r E R, t E A4 there exists r, E R, t, E M with rt, = tr,. 
The right ring of fractions RM-’ exists if and only if A4 is a right 
denominator set of regular elements in R. (The element r E R is regular if 
ra = 0 or ar = 0 implies a = 0.) 
LEMMA 2.1. Let R be a ring, A be an ideal in R and M be a right 
denominator set of regular elements in R. Let x denote the image of a subset 
Xc S under the natural homomorphism qo of R on R/A. 
Assume that h4n A = 0 and that i@ contains only regular elements of R. 
Then 2 is a right denominator set in R; furthermore tf R, and RI are the 
ring of fractions of R with respect to M and R with respect o M, respec- 
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tively, then the homomorphism v, is extended uniquely to a homomorphism 
IJQ,: R, -+ R,- which is defined by 
v,(a, b) = (ti, 61, aER, bEM. 
The kernel of a)M is the ideal A, = AR, of R,. 
The proof is easy and we omit it. 1 
LEMMA 2.2. Let R be a ring and T c M be a right denominator set of 
regular elements in R. Assume that every element of M is invertible in R,. 
Then R,E R,. 
Proof. The ring R, contains the set M-’ = (x-’ /x E M). Since 
M- ’ 2 T- ’ we obtain that R r is generated by R and M- ’ ; hence, there 
exists an epimorphism IJJ of R, on R,, which is one-to-one on R. It then 
follows easily that it is one-to-one on R, also. 1 
LEMMA 2.3. Let R be a ring and S be a subring. Assume that ME S is 
a right denominator set of regular elements and let R have a basis over S, 
which normalizes S. Assume that M is invariant with respect to all the 
automorphisms pi (i = 1,2,..., n) in (1.1). Then M is a right denominator set 
of regular elements in R. 
Proof: ’ We will prove that there exists a ring of right fractions of R with 
respect to M, which is equivalent to the statement. 
Let S,,, be the right ring of fractions of S with respect to M. It is easy to 
see that the automorphisms (oi (i = 1,2,..., n) are extended to the 
automorphisms of S, (this can be obtained as a corollary of Lemma 2.1 for 
the case A = 0). We will denote these extended automorphisms of S, by pi 
too. 
Consider now the left S,-module 
M=S,@,R. (2.1) 
Since R is a free S-module, we obtain that M is a free S,-module with basis 
ei (i = 1, 2,..., n). Since S, is invariant with respect to vi (i = 1,2,..., n) we 
obtain easily that M is a ring, in which the addition is defined by the 
addition in the module M and the multiplication by the multiplication in S,, 
and the relation (1.1). 
Thus, (2.1) shows that there exists an M-inverting isomorphism of R in the 
ring M and any element x EM has form x = UK’, u E R, v E M. Hence M 
is a right denominator set of regular elements in R. I 
’ One can see from the proof that the assertion is true also when the basis has an infinite 
cardinality. 
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LEMMA 2.4. Let R be a ring, S be a subring of R and G be a subgroup 
of S*. Assume that R contains a basis e, = 1, e2,..., e,, which normalizes S 
and let the group @ of automorphisms of S generated by this basis be almost 
inner on G. Consider a @-invariant ideal A c S. 
Then A generates an ideal (A) = AR of R and (A) n S = A. Furthermore, 
$2 denotes the image of a subset X s R under the natural homomorphism of 
R on R/A then e, = i, d 2,..., e,, is a basis of R over S which normalizes ,!? 
and generates an almost inner group of automorphisms of G. 
Proof The proof of the fact that AR is an ideal is immediate and can be 
omitted. Since every element x EAR has a unique representation 
(2.2) 
we obtain that AR 17 S = A. The uniqueness of the representation (2.2) and 
the relation (A) = AR imply that the elements e, (i = 1,2,..., n) form a basis 
of R over ,!?, We see also that relation (1.1) implies 
-- eis = pi(F) di (i = 1, 2 ,..., n), 
where qi(5) = pqi(s) is an automorphism of ,? (i = 1, 2,..., n). Thus, the basis 
ifi (i = 1, 2,..., n) normalizes R 
Finally, @ acts on G as an almost inner group of automorphisms. This 
implies easily that the automorphisms (pi of ,? (i = 1,2,..., s) generate an 
almost inner group 6 of automorphisms of G. I 
PROPOSITION 2.1. Let R be a ring and A,, A*,..., A,, be a family of ideals 
in R. Assume that R\A, is a right denominator set in R for any i = 1,2,..., n. 
Then R\uy=, Ai is a right denominator set too. 
Proof The assertion is true for n = 1 and we make an assumption of 
induction that it is true for any family of ideals, which include not more than 
n - 1 ideals. Thus, R\Uy:: Ai is a right denominator set in R. 
Let xE R\Uy=, Ai, y E R. Since R\UF:; Ai is a right denominator set 
and x belongs to it we can find u E R, v E R\Uy:: such that 
xu = vu. (2.3) 
If v &A, we see that v E R\Uy=, Ai and the proof is completed. We have 
to consider therefore the case when v E A,. 
Since x E R\A, and the last set is a right denominator set we can find 
ui E R, vi &A, such that 
xu, = yv, (2.3’) 
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Once again, if u, E R\Uy:: Ai we conclude that vi E R\Uy=, Ai and the 
proof is completed. We can assume therefore that ui E R\U ;:: A i. 
Finally, we have from (2.3) and (2.3’) 
x(u + u,) = Y(0 + VI>. (2.4) 
It follows now easily that the element v + v, in (2.4) belongs neither to 
lJ;:,‘A, nor to A,. Thus, (v + vi) E R\Uy=‘=, Ai, which via (2.4) completes 
the proof. 1 
2.2. Let K be a ring ‘and G be a group. We recall (see, for instance, 
[7]) that a cross product K * G of G with K is an associative ring, 
containing for each g E G an element g E K * G and where every element 
a E K * G has a unique representation 
with Ai E K. The multiplication in K * G is defined by 
gf=/&M-) 8 
@=fP, 
for g, frC G, 1 E K. Here the element p( g,f) is in the group of units V of K 
and the map I +Q’S 1”= (g)-’ ,J.g is an automorphism of K for arbitrary 
gE G. The associativity condition implies that 
v, glt?z = ~8,~&* 
Each g is invertible in K * G and it can be assumed without loss of 
generality that i = 1. The ring K is embeddable in K * G by embedding 
L+Jl,AEK. 
A subset A c K is called G-invariant if it is invariant with respect o all 
the automorphisms v)~, g E G. It is easy to see that if A is a G-invariant ideal 
of K then it generates an ideal (A) = A * G and (K * G)(A * G) N (K/A) * G, 
where (K/A) * G is a suitable cross product. 
We have a subgroup 
U={uJu=p&pEV,gEGJ 
of K * G. It can be verified that V a U and U/V = G. The group U is called 
the group of principal units of K * G. 
LEMMA 2.5. Let K be an Ore domain, G be a polyinfinite cyclic group. 
Then 
(i) K * G is an Ore domain. 
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(ii) If A c K is a G-invariant completely prime ideal in K (i.e., K/A is 
a domain) then (A) = A * G is a completely prime ideal in K * G. 
Proof (i) The fact that K * G has no zero divisors is well known. If now 
R is the field of fractions of K we can consider the cross product R * G; the 
fact that R * G is an Ore ring would imply that so is K * G. But P. Hall’s 
theorem implies that R * G is Noetherian and Noetherian domain is an Ore 
ring by the Goldie-Ore theorem. Hence, K * G is an Ore ring. 
(ii) Follows from the relation (K * G)/(A * G) N (K/A) * G. I 
The following assertion is a special case of .one result of D. S. Passman. 
PROPOSITION 2.2 [S, Sect. 11. Let R be a Noetherian integral domain 
and G be polyintnite cyclic. Let A be a completely prime G-invariant ideal in 
K. Then (K * G)\(A * G) is a right denominator set in K * G. 
COROLLARY. Let R be a Noetherian integral domain and G be polyin- 
Fnite cyclic. Let Ai (i = 1, 2 ,..., n) be completely prime G-invariant ideals of 
R. Then (R * G)\Uy,, Ai * G is a right denominator set in R * G. 
Proof. Follows from Propositions 2.1 and 2.2. 
2.3. Let G be a polycyclic-by-finite group. We recall first a few well 
known properties of G. (see [4]). 
(1) G has a normal subgroup G, of finite index with a nilpotent 
commutator subgroup (Malcev’s theorem.) 
(2) G has a characteristic poly{inflnite cyclic} subgroup Z-Z of finite 
index. 
(3) The number of infinite factors in the polycyclic series of G is an 
invariant of G called the Hirsch number h(G) of G. 
(4) G has a unique maximal nilpotent normal subgroup p(G). 
It is also easy to prove the following property. 
(5) Let G be an infinite polycyclic-by-finite group. Then there exists a 
characteristic torsion free subgroup H ofJnite index such that H/p(H) is free 
abelian. Clearly, H is poly{ infinite cyclic}. 
(6) G is residually finite. 
We give now a sketch of the proof of the following known fact. 
LEMMA 2.6. Let H be a polycyclic torsion free group. Assume that 
H/p(H) is free abelian. Then every element of H which centralizes a 
subgroup offinite index in p(H) lies in the center N of p(H). 
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Proof Let W= { g E H 1 g centralizes a subgroup of finite index in p(H)} 
(i.e., W= D,,,,(H) by notations of [4]). Since W is finitely generated we 
can find a subgroup X of finite index in p(H) which centralizes W. We can 
assume that X is a normal subgroup of H. Using the fact that H/X is finite- 
by-abelian we can find a normal subgroup H, u H of finite index such that 
HA c X. If W, = W n H,, then Wk c X. Since X is nilpotent and centralizes 
W,, we conclude that W, is nilpotent. This implies that W, cp(G). Since W, 
has a finite index in W, we obtain, via the condition that G/p(H) is free 
abelian, that W c p(H). Since p(H) is torsion free nilpotent we obtain that 
WEN. m 
We now need a very special case of Zalesskii’s results on ideal correspon- 
dence in group rings of solvable groups (see [4, Sect. 11.4)). It follows from 
Theorem 11.4.2 in [4], via Lemma 2.4, the following assertion. 
PROPOSITION 2.3. Let H be a torsion free polycyclic group such that 
H/p(H) is free abelian and let I be a faithful completely prime ideal of KG, 
where K is an integral domain. Then 
I= (InKN)KH,3 
where N is the center of p(H). 
We remark that N coincides in this case with the Zalesskii subgroup of H 
(see [4, p. 3641). 
COROLLARY. Let R = K[H] domain generated by a polycychc torsion 
free group H with the additional property that H/p(H) is free abelian. Then 
R N K[N] * H/N. 
Proof. We can represent R in a form KHII, where I is faithful and 
completely prime. The assertion follows now from Proposition 2.3. 1 
Let G be infinite polycyclic-by-finite; by property (5) there exists a 
characteristic subgroup HE G of finite index such that H/p(H) is free 
abelian. Let N be the center of p(H). The conjugation in H defines in N a 
structure of a left Z(H)-module, which will be in reality a Z(H/p(H)) 
module. 
One can use now the argument of Lemma 12.1.4 in [4] to obtain the 
following assertion. 
' Although the results in Section 11.4 of (41 are proven for group algebras the proofs show 
that they remain true for group rings over integral domain. 
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LEMMA 2.6. There exist subgroups H,, 1 N 3 A such that (H: H,,) < 00 
and H, and all its subgroups of finite index act rationally irreducible in A 
(i.e., A has no proper pure subgroups, invariant with respect to a subgroup of 
finite index of H,). Furthermore, H, can be chosen to be a characteristic 
subgroup of H. 
Thus, in the terminology of Roseblade, A is a plinth of G. 
We now need two important results which are used in Roseblade’s 
solution of P. Hall’s problem. 
PROPOSITION 2.4 (Bergman [9]; see also Corollary 9.3.9 in [4]). Let A 
be a finitely generated free abelian group and let Q, be a group of 
automorphisms of A. Suppose, further, that @ and all its subgroups offinite 
index act rationally irreducible on A. If I # KA is a Q-invariant ideal of the 
group ring KA then either Z = 0 or dim KA/I < 00. 
PROPOSITION 2.5 [4, Lemma 12.3.61. Suppose that H is a finitely 
generated abelian group and that H and all its subgroups offinite index act 
rationally irreducible on a free abelian group A. Let K be an absolute Jield 
and a E KA has the property that for each maximal ideal U of KA there 
exists hEH with aE Uh=h-‘Uh. Then a=O. 
PROPOSITION 2.6. Let R be an integral domain whose multiplicative 
group contains a free abelian group offnite rank such that R = K[N], where 
K is either a finite field or the ring of integers. Let @ be a group of K- 
automorphisms of K[N] which normalizes N and acts on it rationally 
irreducibly. Let nonzero elements x, , x2 ,..., x, be given. Then there exists a 
maximal ideal A G K such that for any (p E @ we have 
P(xi) @ A (i = 1, 2 ,..., n). 
Clearly, R/A is a finite field and A has a finite Q-orbit with respect to @. 
Proof Prove first that any maximal ideal Vs R has a finite @-orbit.4 
Indeed, R/V is a finite field as it is known from the commutative algebra; 
this implies that the image of N under the natural homomorphism Z[N] -+ 
Z[N]/V is a subgroup of a finite field, say, of characteristic p. Hence, there 
exists a natural m =pn - 1 such that (f m - 1) E A for any f E N. Thus any 
ideal o(V) (u, E @) contains the prime number p and all the elements f m - 1 
(f E N) and, hence, if U be the ideal of Z[N] generated by p and all the 
elements f m - 1 then distinct ideals (p(V) give distinct maximal ideals in the 
ring Z[N]/U. But the last ring is a homomorphic image of the group ring 
4 The proof of this fact almost coincides with the proof of Lemma 12.3.4 in 141. We give 
the proof for the sake of completeness. 
401/n/2-20 
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ZJN/N(“‘)), which is Artinian. Hence, Z[N]/U is Artinian too and therefore 
contains a finite number of distinct maximal ideals and hence, there exists a 
finite number of distinct ideals of the form p(V) (u, E @). Let a =x1x2,.... x,. 
It is easy to see that it is enough to find a maximal ideal A such that 
q(u) 65 A for any q E @. 
We have R = K[N] = KN/B, where KN is the group ring of N over K and 
B is an ideal of KN. The group @ acts on N and this action defines the 
action of @ on KN. 
On the other hand, the action of @ on R = KIN] is also defined by its 
action on N. Thus, the natural homomorphism of KN on R = KN/B is a @- 
homomorphism; hence B is @-invariant. 
We now consider the cases when K is a finite field and K = Z separately. 
Let K be a finite field. By Proposition 2.5 we obtain that either B = 0, i.e., 
R = KN or B has a finite codimension; since R is a domain we see that the 
second possibility yields that R is a field. 
If B = 0 then the existence of an ideal A which satisfies the demands of the 
assertion is obtained from Proposition 2.4; when K is a finite field we take 
A = 0. The assertion thus is proven for the case when K is a finite field. 
Now consider the second case, when R = Z. 
If R = ZN we can find a prime p such that u # 0 (modp) in ZN. Then the 
image a of u in ZPN under the natural homomorphism v of N on ZPN is 
nonzero and we can find a maximal ideal 2 g Z,,N such that q(a) @ 2 
(rp E @).” Clearly, if A is the inverse image of A then p(a) & A for all a, E @. 
Finally, let R = ZN/B. Consider the group ring QN, where Q is the field 
of rationals. Then @ defines a group of automorphisms of QN and the ideal 
QB is @-invariant. Once again, by Proposition 2.4, QB has a finite 
codimension in QN, which implies easily that QN/QB is an algebraic 
number field. Hence, the ring R E ZNB E QN/QB is a ring of integers in an 
algebraic number field. 
Routine arguments of Galois theory shows that the element a has a finite 
number of @-conjugates, say, a, = a, a, ,..., a,. Let q = ala* ,..., u,. 
Now take any maximal ideal U in R which does not contain q, Clearly, 
uj kz u (j = 1, 2,..., m); it has already been prove that U has a finite index in 
R. 1 
2.4. Throughout this section H will be an infinite polycyclic torsion 
free group with the additional property that H/p(H) is free abelian. As 
above, N denotes the center of p(H). 
We consider here a ring R = K[H], where K either is the ring of integers 
or a finite field. Let @ denote a group of K-automorphisms of R, which is 
almost inner on H. Clearly, N and K[N] are @-invariant. 
5 The group 9 acts in Z,N in the following way: p(d) = ycp(a). 
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Let Inn H be the group of the inner automorphisms of H and 
Y = gp{ @, Inn H} be the group of automorphisms of H generated by @ and 
Inn H. The following assertion is almost obvious. 
LEMMA 2.7. Y is a group of K-automorphisms of K[H] which is almost 
inner on H. 
ProoJ: Clearly, Inn H is a group of K-automorphisms of K[H]. Hence, Y 
is a group of K-automorphisms of K[H]. The fact that Y is an almost inner 
group of automorphisms of H follows easily from the fact that Inn H is a 
normal subgroup of the group of all the automorphisms of H. 1 
COROLLARY. N and K[N] are Y-invariant. 
LEMMA 2.8. Let an element 0 #A E K[N] be given. Then there exists a 
maximal ideal A c K[N] which satisfies the following properties. 
(i) The quotient field K[N]/A is finite and A has a finite orbit, say, 
A, =A, A, ,..., A,. 
(ii) A @ Ai (i = 1; 2,..., n). 
Proof We consider the more general situation when N is an abstract free 
abelian group of finite rank and Y is any polycyclic by linite group of 
automorphisms of it. We give the proof by induction on the rank of N. 
Let P = {all the elements of N with a finite Y-orbit}. Clearly, P is a 
subgroup and N = P X T, where T is free abelian. 
Assume first that P # 1. Theorem D of [ 151 implies that N = P X T, 
where T is free abelian. Let 
A= + &Xi, 
,r, 
liEKIP],xiET (i=1,2 ,..., m). (2.5) 
The routine argument of Galois theory shows that K[P] is a finite integral 
extension of the subring K[P,], where P, is the subset of Y-fixed elements of 
P. Moreover, one can find a maximal ideal B & K[P] such that 
/Ii&B* (w E Y, i = 1, 2 ,..., m). 
Let B = nreIY B”. Then B is Y-invariant and K[P]/B is a finite direct sum 
of fields. Let X denote the image of a subset XC K[N] under the natural 
homomorphism K[N] -+ K[N]/B(K[N]). Clearly, 
characteristic subgroup T, s r of finite index. 
transversal of T, in T and 
I# 0 and one can find a 
Let 7, = 1, jz ,..., Y;, be a 
(2.6) 
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j?$ E (K[p])T,,. Let Y,, be a subgroup of finite index in Y, which acts 
trivially on K[P] and vi = 1, wz,..., wl be a transversal of Y0 in Y and let 
&, = lu,(p,) (r = 1, 2,..., 1; s = 1, 2,..., k). Since rank of r,, is less than rank of 
N and K[Pl is a direct sum of finite fields the induction argument shows that - - 
there exists a maximal ideal CE (K[P])T,, such that fir, @ CO (r = 1, 2,..., 1; 
s = 1, 2,..., k; v E Yb) and hence ,f?$ ~5 C” (s = 1,2 ,..., I; w E Y). We obtain 
from this and from (2.6) that 
x e P(K[NI) (w E w. (2.7) 
If now C is the inverse image of c in (K[P]T, then the condition (2.7) 
implies that 
A@ C’(K[N]) (w E yv), (2.7’) 
and it remains only to remark that the fact that K[N] is integral over 
K[P] x T, implies via the routine arguments of ideal theory in commutative 
domains that there exists a maximal ideal A c K[N] such that 
A nK[P]T,, = C and we obtain that A satisfies all the conclusions of the 
assertion. 
Finally, consider the case when P = 1. In this, case, once again by 
Theorem D in [ 151 we obtain that K[N] N KN. Let U be a plinth of a 
subgroup Yi of finite index in Y such that N = U x N,, where N, is free 
abelian. Once again, we have for the element 1 a representation of the form 
(2.5) where the elements li belong now to KU. We use in this case the same 
induction argument but apply Proposition 2.6 to find a maximal ideal in KU 
which does not contain elements A: (i = 1, 2,..., m; v E Y) and the proof is 
completed by the same arguments as above. (See also [ 161.) I 
PROPOSITION 2.7. Let nonzero elements 
x, , x2 ,..., x, E R 
be given. Then there exists a maximal ideal A c K[N] such that K[N]/A is a 
finite field and the Y-orbit of A contains only a finite number of elements, 
say, 
A,=A, A, ,..., A,,,, 
and which satisfies the conditions 
Xi & A,R (i= 1, 2 ,..., n, j= 1, 2 ,..., m). 
Proof. Once again by Corollary of Proposition 2.3. 
K[H] = K[N] * H/N. 
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Thus 
where all the Lki E K[N], and all the A, are coset representatives of the 
elements of H/N. 
Finally, let A = ni,k Aki. By Lemma 2.7 we can find a maximal ideal 
A c K[N] such that K[N]/A is a finite field and the H-orbit or A has a finite 
number of elements, say, A r = A, A, ,..., A,, and L @ Aj (j = 1,2 ,..., m). 
Hence, we have for all k, i 
ski ~ Aj (j = 1, 2 )..., m), 
which implies 
xi & A,R (i= 1, 2 ,..., n,j= 1, 2 ,..., m). 1 
2.5. 
LEMMA 2.9. Let R be a ring, A i (i = 1,2 ,..., n) be a set of maximal 
ideals of R and 
B= fi A,. P-8 > 
i=l 
Let Z= {il, i, ,..., i,} G { 1, 2 ,..., m } be a subset which is minimal with respect 
to the property n iEl A i = A. Then 
R/BzR/A,,@R/A@ --@R/Aim (2*9 
and 
R/Aikz (Ai,nAiln -.. nA,-,n .-- nAi,)/B. (2.10) 
Proof: We show that the family Ai,, Ai2,...,Aim satisfies (2.9) and (2.10) 
by induction on m. 
If m = 1 the assertion is trivial. Assume therefore that m > 1. The 
minimality of Z implies that A,, n Ai2n ... n Ai,_,7 B and hence Ai, n 
Ai2n ... n Aim-, G Ai,, which implies 
Ai,,,+(Ai,nA,iZn***nAi,-,)=R. (2.11) 
The last relation yields, via (2.8), 
R/B2:Ai,/BO(Ai,nAi,n...nAii,_,)/B. (2.12) 
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The second summand in (2.12) can be represented in a form 
Vi, nAi2n ... nAimm,)/(Ai,nAi,n ... nAi,+nAi,) 
v ((Ai,nAiLn ..* nAi,_,) +Ai,)/Aim=R/Aim3 
which proves (2.10) for k = m. 
Consider the first summand in (2.12). Denote A (, = Aik n Aim 




A i,,,/A 1, N (A i,,, + A (,)/A ik = R/A i,, (k = 1, 2 ,..., m - 1). (2.14) 
Relation (2.14) shows that any ideal Ai, (k = 1,2,..., m - 1) is maximal in 
A,,,. We have also relation (2.13) for the ideals A;, (k = 1, 2,..., m - 1) and 
the minimality of Z implies that the family A I,, A;*...., A;,-, has the 
minimality property too. Now we use the assumption of the induction to 
obtain Ai,/B-Ai,/A1lOA,,/AIzOAi,/A:m-,, Ai,/Ajk~(AIInA12n...n 
At n eaenA;,J/B = (Ai1nAi2naeenAiknaaanAi,)/B (k= 1,2,..., 
m - 1) which together with (2.12) and (2.14) allows us to complete the 
proof. I 
Remark. We will call a subset Z which is minimal with respect to 
property (2.8) a minimal subset. When the family Ai (i = 1,2,..., n) is 
obtained as a result of action of a group of automorphisms @ of R on a ideal 
A we can find for any given index 1 < i < n a minimal subset containing the 
ideal Ai. This obvious fact will be used in the proof of Theorem 3.1. 
COROLLARY 1. Let K be a commutative ring and @ be a group of 
automorphisms of K. Let A be a maximal ideal of K which has a finite #- 
orbit, say, 
A,=A, A, ,..., A,,, 
and let (i,, i 2 ,..., ik} be a minimal subset of (1, 2 ,..., n}. Then any other 
minimal subset includes k ideals and for any x E K the condition 
X@Aij (j = l,..., k) (2.15) 
x@Ai (i = 1, 2 ,..., n). 
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Proof: Let B = OF=, Ai and let x denote the image of X under the 
natural homomorphism of K on K/B. By (2.9), f is a direct sum of fields 
and condition (2.15) is equivalent to the condition that all the components of 
x in the direct sum (2.9) are nonzero, i.e., to the condition that 3 is not a 
zero divisor in I?. 
Assume now that x belongs to some ideal A,,, 1 <jr & n. Since @ acts 
transitively on the set A,, A, ,..., A, we can find a minimal subset which 
contains j, , say, J = {jr, j, ,..., j,}. Since relation (2.11) holds for this subset 
too we conclude that I = k; since X is not a zero divisor we obtain that all the 
components of X are nonzero in the decomposition 
I?= K/A/,@ K/A,,@ ... @ K/Ajk, 
which means in particular that x 6?! Aj,. This contradiction proves the 
assertion. 
COROLLARY 2. Let R = K * G, where G is polyinjinite cyclic and K is 
commutative and let Ai (i = 1,2,..., n) be a family of maximal G-invariant 
ideals in K and let A = n F=, A i. Let I = (i, , i, ,..., ik } be a minimal subset of 
{ 1, L.., n). Then 
(K * G)/(A * G) N (K/Ai,) * G @ (K/Ail) * G @ . . . @ (K/Ai,) * G(2.16) 
COROLLARY 3. Let, under the conditions of Corollary 2, x denote the 
image of a subset X&K under the natural homomorphism 
R + (K * G)/(A * G) and let M = R\Uy=, Ai * G. Then ii? coincides with the 
set of all regular6 elements in R and M and %i are right denominators sets in 
R and R, respectively. 
Proof. Let x E i? be a regular element. Then 2 has nonzero components 
in decomposition (2.16) and hence, if x is any representative of the coset 3 
we have 
x&Aj* G (j= 1, 2 ,..., k). 
By Corollary 1 this implies that 
x&Ai*G (i = 1, 2 ,..., n). 
Hence, x E R\U;=, Ai * G, i.e., x E M and z?E i@. 
Conversely, let ff E a. Then this implies easily that X has nonzero 
components in (2.16) and hence X is regular in R. The Corollary of 
Proposition 2.2 implies that A4 is a right denominator set in R and 
Lemma 2.1 gives now that M is a right denominator set of regular elements 
in R. 
6 An element is called regular if it is neither the right nor the left zero divisor. 
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3. THE PROOFS OF THE TECHNICAL RESULTS 
3.1. 
LEMMA 3.1. Let R 2 A 2 S be three rings. Assume that A is generated 
by a group G and S by a characteristic subgroup of finite index FE G. 
Assume that there exists a system of generators e, = 1, e,,..., e, of R over A 
which normalizes A and generates an almost inner group of automorphisms 
in G; let g, = 1, g, ,..., g, be a transversal of F in G. Then the elements 
ei gj (i = 1, 2 ,..., n; j = 1, 2 ,..., m) (3.1) 
are a system of generators of R over S, which normalizes S and generates an 
almost inner group of automorphisms in F. 
ProoJ Let vi (i= 1, 2,..., n) be the automorphisms of A, which 
corresponds to ei (see (1.1)). It follows easily that system (3.1) normalizes F. 
Since F generates S, we obtain that system (3.1) normalizes S and is a 
system of generators of R over S. It remains only to prove the elements e, g.i 
generate an almost inner group of automorphisms of F. 
The automorphisms pi generate a group @ of automorphisms of G, which 
is almost inner. This implies easily that the group Y generated by @ and the 
group Inn G, of all the inner automorphisms of G, is‘almost inner. It follows 
that the elements ei, gj (i = I,2 ,..., n; j = 1,2 ,..., m) generate an almost inner 
group H of automorphisms of G. 
Clearly, the restriction fi of H on F is an almost inner group of 
automorphisms in F. 1 
LEMMA 3.2. Let K be a finite fteld and R = K[G], where G is an 
extension of a finite group V by a polycyclic-by-finite group G/V. Assume 
also that R ‘v K[ V] * G/V. Then there exists a characteristic poly(infinite 
cyclic) subgroup FE G of finite index’ such that the elements of F are 
linearly independent over K and, hence, K[F] N KF. Furthermore, G contains 
a transversal v, = 1, v, ,..., v, of F in G, which is a normalizing system of 
generators of R over KI;, it generates an almost inner group of 
automorphisms in F. 
ProoJ It is easy to see that G is polycyclic-by-finite and, hence, 
residually finite. 
There exists therefore a normal subgroup H 4 G of finite index, say, m, 
such that H n V = 1. Let H, be a poly{infinite cyclic} characteristic 
subgroup of H of finite index, say, k. Finally, the subgroup F = GCmk) is a 
’ When G is a finite group F coincides with its unit subgroup. 
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characteristic poly(inlinite cyclic} subgroup of G of finite index with the 
property F I? V = 1. 
Show that the elements of F are linearly independent over K. 
Indeed, the existence of the representation R = K[ I’] * G/V implies easily 
that any system of coset representatives of V in G is linearly independent 
over K[ V]. Since F n V= 1 we can choose a transversal V in G which 
contains all the elements of F. This proves that the elements of F are linearly 
independent over K[ I’] and, hence, over K (and over ZP). 
Finally, the condition F n I’= 1 implies that the normal subgroups F and 
V generate in G a normal subgroup FO 21 F x V. Let u, = 1, q...., u, be a 
system of coset representatives of F,, in G and r, = 1, rZr..., r, be all the 
elements of V. Then the system of elements uij= uirj (i= 1,2,..., s; 
j = 1, 2,..., r> is a system of coset representatives of F in G. Clearly, this 
system normalizes P, moreover since F has a finite index in G we see that G 
generates an almost inner group of automorphisms in F and hence the group 
of automorphisms @ generated by all the elements uirj (i= 1,2,...,s; 
j = 1, 2,..., I) is almost inner too. 
Since the system of elements rj (j= 1,2,..., 1) generates the subring KF 
over Z,F and the system of elements ui (i = 1, 2,..., s) generates R over KF 
we obtain that the system uij = uirj (i = 1, 2 ,..., s; j = 1, 2 ,..., I) generates R
over Z,F. 1 
3.2. We assume throughout this section that R is a domain, 
generated by a polycyclic torsion free group H with the property that 
H/&H) is free abelian; thus, R = K[H], where K is either the ring of integers 
or the prime subfield of R. As above, we denote by N the center of p(H). It is 
assumed that h(H) > 1. 
Let @ be a group of automorphisms of R which is almost inner on H. 
Clearly, @ normalizes N. 
Let A be a maximal H-invariant ideal in KIN]. As in Section 2.4 we 
consider the group Y = gp(@, Inn H) of automorphisms of K[H] which is 
almost inner on H. We recall that A has a finite index in K[N], say, p”, and 
its ‘Y-orbit is finite, say, A, = A, A, ,..., A,. 
Let B = fly=, Ai and, as above, M= R\U;=, Ai * H/N. Finally, let 2 be 
the image of a subset XE R under the natural homomorphism R -+O R/BR. 
It follows from Corollary 3 of Lemma 2.8 that M and a are right 
denominator sets of regular elements in R and E, respectively. Let I be the 
cardinality of a minimal subset of { 1, 2,..., n}. 
THEOREM 3.1. The group i? contains a poly{infinite cyclic} charac- 
teristic subgroup F of finite index such that h(F) Q h(H) - 1 and h(F) > 1 if 
H is nonabelian. Furthermore, 
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(i) -- The elements of F are linearly independent over I?= Z, and, 
hence, K[F] = Z,l? 
(ii) There exists a system of generators v, = I, vz ,..., v, of R over Z,F 
which belong to l?. Clearly, they normalize F and, hence, ZpF, and generate 
an almost inner group of automorphisms of F. 
-- 
(iii) The set T= Z,F\O is contained in fi. 
(iv) The @g of fractions R,- contains a subfield A, which is a field of 
fractions of Z,F, and has a normalizing basis over A, which generates an 
almost inner group of automorphisms in F. Moreover, RR z RF. 
where D is the field of fractions of (K[N]/A) * H/N. 
(vi) R,- - R,/BR,, where BR, N (B * F/N), coincides with the 
Jacobson radical of R,. 
Proof We have, via Corollary 2 of Lemma 2.8 and the relation 
B = h Ai, 
i=l 
R/BR 1: (K[N]/Ai,) * H/No (K[N]/Ai,) * H/N 0 ... 0 (K[N]/Ai,) * H/N, 
(3.3) 
where (i,, i, ,..., it} c { 1, 2 ,..., n} is a minimal subset. As it was remarked 
after the proof of Lemma 2.8 it can be assumed that i, = 1. 
It is important that every summand (K/N]/Ai,) * H/N (k = 1,2,..., I) in 
(3.3) is an Ore domain as it follows from Lemma 2.3. 
We can represent every Aik in a form Aik= Ati?, where tiA E Y 
(k = 1, 2,..., 1). Thus til = 1. Since tik is an automorphism of K, which 
normalizes H, we obtain that N and, hence, K[N] are invariant with respect 
to t,,; it is easy to verify that tiA induces in a natural way an automorphism 
K[N]/A -+% K[N]/Aik and 
K[N]/A * H/N% K[N]/Aik * H/N (k = 1, 2 ,..., m). 
Consider the ring R” = K[N]/A * H/N. Let d be the image of a subset 
XC R under the natural homomorphism R + 2. Clearly, 2 is generated by 
the group H over the field f. Furthermore, K[N] N z[fi] and x z R[@] * 
H/N N z[fl] * B/i?. Thus, the conditions of Lemma 3.2 are fulfilled and 
hence A contains a poly{intinite cyclic} characteristic subgroup F of finite 
index such that the elements of F are linearly independent over Z?. Clearly, 
h(f) = h(H) < h(H). On the other hand, if H is nonabelian, then 
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h(H/N) > 1. But H/N- Z?/fl and, hence, h(g) > 1 which implies that 
h(F) > 1. 
We obtain also from Lemma 3.2 that there exists a system of elements 
Ii, = 1) 27, )...) Gs in H, which forms a system of generators of R’ over Z?l? 
Clearly, it normalizes F and generates an almost inner group of 
automorphisms in I? 
Now take the subset F of E which is defined by 
F= {fE IT IJ;=p+.&, + . ..jT$Q (fE F)}. 
It is easy to verify that F is a group isomorphic to the group F; thus, F is 
poly{infinite cyclic}. Since the elements of P are linearly independent over Z? 
we conclude that the element of F are linearly independent over the subfield 
and moreover, any element of Z$\O has nonzero components in the decom- 
position (2.16). We obtain then by Corollary 3 of Lemma 2.6 that f= 
Z,F\(o} E ii?. Thus (i) and (iii) are proven. 
To prove (ii) we remark that since the elements zij E fi (j = 1,2,..., s) 
generate k as a left module over Z@ we obtain that the elements 
uj=zij+u;.‘pi,+...+zzjq7i, (j = 1, 2,..., s) 
belong to i7 and generate R= R + zpi2 + . . . + Epi, as a left Z,F-module. 
They normalize F and, hence, h,,F and generate an almost inner group of 
automorphisms in i? 
The relation 7~ ti implies that the elements of r are invertible in En; it 
follows therefore that T is a right denominator set of regular elements in E. 
Consider the ring of fractions Rr and its subfield A, which is the field of 
fractions of-Z,E The system of generators uj (j = 1, 2,..., n) of R of Z,F 
normalizes F and generates an almost inner group of automorphisms in F; it 
normalizes also A and any maximal linearly independent over A subsystem 
e, = 1, e,,..., e m is a normalizing basis of E over A, which satisfies (iv). 
Lemma 2.2 implies now that RF= &. 
Consider now the projection. Bik of E on the direct summand 
(K[N]&) * H/N (k = 1,2,..., r) in (3.3). Lemma 2.1 implies that Bik defines 
a homomorphism Aik of R, on the field of fractions Dik of (K[N]/AJ * H/N 
(k = 1, 2,..., I). It is easy to see that all the Dik are isomorphic to the field 
D = Di, and that the homomorphisms Ail (k = 1, 2,..., f) define decomposition 
(3.2), which proves (v). 
Finally, the natural homomorphism R --Pi i defines, via Lemma 2.1, a 
homomorphism qM: R, + i?M with kernel BR, N (B * H/N),. It follows 
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from (v) that xR is semisimple; hence, (vi) will follow if we prove that B, is 
a quasiregular ideal of R,. 
Take any element x E B, and consider the element 1 + x. We can write 
x= (u,u), u E B, u EM. Hence, 1 +x= (u+ u, v). The definition of A4 
implies that u + u EM. Hence, the element (v, u + v) is the inverse of 1 +x 
in R,. It is easy to show that the element (u, u + v) has a form 1 +Y, 
YEB,- This proves that x is a quasiregular element and hence, B,,, is the 
radical of R,. 1 
4. THE APPROXIMATION THEOREM 
We consider throughout his section a field D generated by a polycyclic- 
by-finite group G over either the ring of integers or the prime subfield and a 
ring R which has a basis which normalizes D and generates an almost inner 
group of automorphisms in G. 
We recall that G contains a characteristics torsion free subroup H of finite 
index such that H/p(H) is free abelian, and by Lemma 3.1, R has a basis 
U’ = 1, u*,..., U, which normalizes H and a subfield D, generated by H. We 
denote by K the subring 2 or 2, generated by 1. 
LEMMA 4.1. Let K[H] be a ring generated by a torsion free polycyclic 
group with the property that H/p(H) is free abelian. Let Ai (i = 1,2,..., m) be 
a family of maximal ideals of K[N]. Then there exists a characteristic 
subgroup U offinite index in H which 
(i) stabilizes every ideal Ai (i.e., f -‘Aif = Ai for all f E U and 
i = 1, 2 ,..., m), 
(ii) has the property p(U) = p(H), 
(iii) has the property that if 
h, = 1, h, ,..., h,, (4.1) 
is a transversal of U in H then the system of elements (4.1) is a normalizing 
basis of K[H] over K[U] which generates an almost inner group of 
automorphisms in U. 
Proof: Let V= {h E H 1 h-‘Ath = A, (i = 1,2,..., m)}; since every Ai has 
a finite index in K[N] it follows easily that V has a finite index in H. 
Clearly, I’? p(H). Hence, there exists a characteristic subgroup U c V 
which stabilizes every Ai (i = 1, 2,..., m) and contains p(H). Since p(U) is a 
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characteristic subgroup of U we see that p(U) u H; it follows therefore 
easily that p(U) = p(H). Thus, 
K[U] N K[N] * U/N 
which together with the relation 
K[H] N K[N] * H/N 
proves the assertion. 1 
COROLLARY. Let under conditions of Lemma 4.1 Y 2 Inn H be an 
almost inner group of automorphisms of H and A, = A, A, ,..., A,,, be the Y- 
orbit of a maximal ideal A E K [N]. Consider the sets 
M= K[U] - 2 A,K[N] =K[U] - f AFU/N, 
M, = K[H] - ~ AiK[H]. 
i=l 
Then M and M, are right denominator sets of regular elements in K[H] and 
Proof: By Corollary 3 of Proposition 2.6 M is a right denominator set of 
regular elements in K[U]. Since M is Y-invariant and hence H-invariant 
Lemma 2.2 implies via the property (iii) of Lemma 4.1 that M is a right 
denominator set of regular elements in K[H]. 
Let 
B= fi Ai. 
i=l 
We obtain from Theorem 3.1 that B(K[U],) is the Jacobson radical of 
K[ U],. Furthermore, any transversal of U in H gives a finite normalizing 
basis of K[H], over K[U], and therefore B(K[H],) = BK[U],(K[H],) is a 
quasiregular ideal in K[H],. (See [4].) Since B(K[H],) n K[U], = 
B(K[U],) we obtain that K[H],/B(K[H],) has a finite normalizing basis 
over the subring K[U],/B(K[U],,,). W e conclude now from Theorem 3.1(v) 
and (vi) that K[H],/B(K[H],) is Artinian. 
Since H/N is a unique product group we obtain easily that M, is 
multiplicatively closed and hence the elements of M, are not zero divisors 
modulo B(K[H]). This implies that they must be invertible modulo the ideal 
B(K[H],) and the quasiregularity of BK[H], implies that they are invertible 
481178 2 21 
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in K[H],. But M c M, and we conclude therefore from Lemma 2.2 that 
w%I = v%- 
THEOREM 4.1. Let nonzero elements 
*i (j = 1, 2,..., m) (4.1) 
be given. Then a subring Q c R can be found such that 
(i) xi E Q (j = 1,2 ,..., m) and K[G] G Q. 
(ii) There exists an epimorphism 8 of Q on a ring Q of characteristic 
p with ker 19 a quasiregular ideal in Q such that Q contains a polyjinfinite 
cyclic} subgroup F, where h(F) < h(G), and h(F) > 1 provided that G is not 
abelian-by-finite; the group F and Zp generate in Q the group ring Z$. 
(iii) Q contains the field of functions A of Z,,F and has a normalizing 
basis v1 = 1, v,,...~ I v over A, which generates an almost inner group of 
automorphisms in F. 
(iv) rp(xj) # 0 (j = 1,2 ,..., m). 
(v) An element q E Q is invertible in Q if and only if its image 
q= e(q) is invertible in Q. 
(vi) The Jacobson radical J(Q) of Q satisfies the relation 
(J(Q))n = 0.” 
Proof Let @ be the group of automorphisms of H generated by the basis 
24, = 1, u2 )...) u, (see l.l), let Y = gp(@, Inn H) and let g, = 1, g, ,..., g, be 
the transversal of H in G. By adjoining, if necessary, of these elements to 
system (4.1) we can assume that the system of elements (4.1) contains the 
transversal of H in G. 
We have 
n 
xi= c XjaU, (j = 1, 2 ,..., m), 
rr=l 
(4.2) 
where all the xI, in (4.2) belong to D,. 
Furthermore, 
” 
uqual= c Y:,,&z (19a,a,,a,<m), (4.3) 
a=1 
where all the Y:!~, E D,. 
Now write out all the elements in (4.2) and (4.3) in a form (cd, d,), 
cq E K[H], d, E K[H] (/3 = 1,2 ,..., L). By Proposition 2.6 there exists a 
* We recall (see the beginning of this section) that n = dim,@: DO). 
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maximal ideal in K[N] with a finite Y-orbit, say, A, =A, A, ,..., A,, such 
that 
c&A,H, d,&AiH (i = 1, 2 ,..., k; ji’ = 1, 2 ,..., L). 
Let U be the characteristic subgroup of finite index in H which has 
properties (i)-(iii) listed in Lemma 4.1 and in particular stabilizes every ideal 
Ai (i = 1, 2 ,..., k). Let 
M=K[U] 
\ 
i, A,U=K[U] c A,* U/N. 
i=l \ i=l 
By Corollary 3 of Proposition 2.6, M is a right denominator set of regular 
elements in K[U]. Since A, (i = 1,2,..., k) is the V-orbit of A, M is Y- 
invariant and hence, H-invariant. Lemma 2.2 implies now, via the property 
(iii) of Lemma 4.1, that M is a right denominator set of regular elements in 
K WI- 
Consider the ring of fractions K[H],. Since D, is the ring of fractions of 
K[H] we conclude K[H],,, c D,. 
Consider the K[H],-module 
Q = K[H],u, + K[H],u, + --a + K[H],u,. (4.4) 
Since db & A,H we obtain via Corollary of Lemma 4.1 that (co, d,) E 
K[H], (j? = 1, 2,..., t). Thus, all the elements x,, and $$a, from (4.2) and 
(4.3) belong to K[H],. It follows therefore from (4.3) that 
ua,ua2 E Q (l<a,,a,<n). (4.5) 
Similarly, it follows from (4.2) that xj E Q (j = 1,2 ,..., m). 
On the other hand, the fact that M is Y-invariant implies that K[H], is a 
‘Y-invariant subring of D. Thus, the system of elements U, (a = 1,2,..., n) 
normalizes K[H], (and H). This, together with relation (4.5), proves that Q 
is a subring of R. 
Since K[H] c Q and Q contains the transversal g, = 1, g?,..., g, of H in G 
(because it was assumed that the system x, (j = 1,2,..., m) contains it) we 
obtain that G E Q and, hence K[G] c Q and (i) is proven. 
Now let B = of=, A,. The ideal B is Y-invariant and generates an ideal 
B * U/N in K[ U].’ By Theorem 3.1 the ideal 
@ * WA., = BW[ VI .A 
is the Jacobson radical of K[U],. We prove now that B generates a 
quasiregular ideal (B) = BQ of Q such that 
BQ n K[Ul, = B(K[%,). (4.6) 
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Indeed, let h, = 1, h, ,..., h, be a transversal of U in H; by Lemma 4.l(iii) 
this system gives a basis of K[H] over K[ U] which normalizes K[ U] and U. 
Hence, this system forms a basis of K[H], over K[U],,,, which normalizes 
K[U], (and U). S ince the system U, (a = 1,2 ,..., m) is a basis of Q over 
W%~ which normalizes K[H], and generates an almost inner group of 
automorphisms in H, we obtain by Lemma 3.1 that the system 
U&y (a = 1, 2 )...) n; y = 1, 2 ‘...) r) (4.7) 
is a basis of Q over K[U],, which normalizes K[ UIM and generates an 
almost inner group of automorphisms in U. 
This, together with Lemma 2.4, proves that (B(K[ U],))Q = BQ is an ideal 
in Q and relation (4.6); similarly B(K[H],) is an ideal in K[H],w and 
BQ n K[H], = B(K[H],). (4.6’) 
Since B(K[ VI,,,) is a radical of K[ U],,, we obtain now, because of the 
existence of the normalizing basis (4.7), that the ideal BQ is a quasiregular 
ideal of Q (see [4, Theorem 7.2.51). 
We consider now the natural homomorphism Q -+e Q/BQ and denote by 
x the image of a subset XC Q under 0. 
Relation (4.6) together with the relation 
B(K[U],)nK[U]=(B* U/N),nK[U]=(B* U/N)=B(K[U]) 
implies that 
K[U] = K[U]/B(K[U]) = (K[N] * U/N)/@ * U/N) = (K/B) * U/N 
and, hence, by Theorem 3.1, the group 0 contains a poly { infinite cyclic} 
characteristic subgroup F of finite index with h(F) = h(U) < h(e) < h(H) = 
h(G). When U is nonabelian, h(F) > 1. Hence, h(F) > 1, provided that G is 
not abelian-by-finite. Once again, it follows from Theorem 3.1 that F 
generates over 2, the group ring Z,i? We have proven therefore (ii). 
We conclude by Theorem 3.l(iv) that the ring of fractions KIUlw = -- -- 
K[Ula= KIUIE h w ereas -- in Theorem 3.1, r= Z,F contains the field A of 
fractions of Z,,F and K[U], has a basis 
41 = 1, 4 *9*--v S,? (4.8) 
which normalizes F and, hence, Z,F and A, and generates an almost inner 
group of a$omorphisms in F; it is important that all the elements (4.8) 
belong to U. 
On the other hand, the basis (4.7) normalizes K[U], and generates an 
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almost inner group of automorphisms in U, hence, by Lemma 2.4 the system 
of elements 
li,i;, (a = 1, 2 ,.., m; y = 1, 2 ,..., r) (4.7’) 
is a normalizing basis of Q over K[U],, which generates an almost inner 
group of automorphisms in 0. The existence of the basis (4.8) and (4.7’) 
implies, via Lemma 3.1, that there exists a normalizing basis u, = 1, v?,..., E, 
of Q over A, which generates an almost inner group of automorphisms in F. 
We proved therefore (ii) and (iii). 
To prove (iv) we remark that the ideal A has been chosen such that 
cq GZ A iR, and hence, xju e Ai (i = 1, 2 ,..., k; j = 1, 2 ,..., m; a = 1, 2 ,..., n). 
Hence, by (4.2), xi G A,R (i = 1, 2 ,..., k; j = 1, 2 ,..., m), which means in 
particular that xj & (A, n A, n . . . n AJR = BR 
Thus B(xj) # 0 (j = 1, 2 ,..., m), which proves (iv). 
and, hence, xj G.C BQ. 
Now let X E Q and assume that 2 is an invertible element in Q. (Since Q 
has a finite dimension over A any left invertible element will be right inver- 
tible.) 
Thus, 
fJ= 1, (4.9) 
for some p E Q. Take a representative y of p in Q and rewrite (4.6) in a form 
xy= 1 +z, 
where z E BQ. But BQ is a quasiregular ideal by property (ii); hence 1 + z 
and therefore x are invertible in Q. We proved therefore (v). 
Finally, to prove (vi) we consider once more the representation (4.4) for 
Q, which implies in particular that the elements tii = 1, z&,..., zi,, form a basis 
of Q over B(K[H],) = K[Z-& and this basis normalizes K[H],. But K[H] N 
K[H]/B(K[H]) 2: ((K[N] * H/N))/(B * H/N) II (K[N]/B) * H/N. Here 
K[N]/B is a direct sum of fields and H/N is poly{infinite cyclic}. It is well 
known that in this situation (K[N]/B) * H/ZV contains no nilpotent ideals; 
this fact can be obtained either as a corollary of Theorem 7 in [lo] or by the 
applications of the fact that a skew group ring of an infinite cyclic group 
over a semiprime ring is semiprime. Thus, K[Hl is semiprime. 
It is easy to see now that any nonzero ideal P E K[E& has a nontrivial -- 
intersection with K[H]. We obtain therefore that the ring K[iY]a is -- 
semiprime. Since K[H],-2 A it has a finite left dimension over A and 
therefore is Artinian. Since Q has a normalizing basis ziL = 1, U*,..., ti, over -- 
K[E& Theorem 7.25 of [4] implies now that (J(Q))n = 0. 1 
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5. THE PROOFS OF THE MAIN RESULTS 
LEMMA 5.1. Let D be a field (commutative or not) which is not an 
algebraic over Zp and R be a ring which has a finite left dimension over D. 
Let U be a normal subgroup of R * and let T be the Jacobson radical of R. 
Assume that the decomposition of R/T in a direct sum of simple rings has 
a form 
and let Bi be the natural homomorphism of R on (Ai)“, (i = 1,2,..., k). Assume 
also that there exists an i, such that niO > 1 and 6’,,(U) is not in the center of 
(A&,. Then U contains a noncyclic free subgroup. 
Proof It is easy to see that an element x E R is invertible in R if and 
only if e,(x) is invertible in (Ai)“, for all i. This implies that e,,(U) is a 
normal subgroup in GL”(Ai,). 
The field AiO is not absolute since O,.,(D) N D c (A,,),. The classical 
results of Dieudonne (see [ 11, Chap. IV]) imply that the normal subgroup 
e,,(U) of GL,iO(A,O) contains the special linear subgroup SL,, (A,). Now if 
char(Ai,) = 0 and hence AiO contains the field of rationals Q &en it is well 
known that SL,(Q) contains a noncyclic free group F. Thus, in this case 
0,&v) 3 F, which implies easily that U contains a noncyclic free group. 
Consider the second case when char AiO =p. Since AiO is not an absolute 
field we apply Jacobson’s theorem [ 12, Corollary of Theorem X.1.11 to 
conclude that AiO contains an element t, transcendental over Z,. But 
SL.,&Zr(t)) contains a noncyclic free subgroup (see, for instance, [ 13, 2.81). 
This implies once again that U contains a noncyclic free subgroup. 1 
LEMMA 5.2. Let D be a division ring which has a finite left dimension 
over its commutative subfield S. Then any normal subgroup U CI D* either 
contains a noncyclic free subgroup F or is contained in the center of D. 
Proof: By Theorem VII 9.1 of 1121, D is finite-dimensional over its 
center Z and hence U has a faithful matrix representation over L. If now U 
does not contain a noncyclic free group, by Tits’ theorem it must be a 
soluble-by-periodic group; since D is finite-dimensional over L any soluble- 
by-periodic normal subgroup in D* must be contained in L * (see [ 14, 
Prop. 1 I). I 
PROPOSITION 5.2. Let R be a ring, D be a nonabsolute commutative 
subfield and assume that R has a finite left dimension over D. Then any 
normal subgroup U a R* either contains a noncyclic free subgroup or 
satisfies the relation U’ G 1 + T, where T is the nilpotent radical of R. 
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Proof Assume that U’ @ 1 + T and prove that it contains a noncyclic 
free subgroup. 
Indeed, let u, be the natural homomorphism of R on R/T. If U’ @ 1 + T, 
then o(U) is a nonabelian subgroup of the group of units of q(R). It is easy 
to verify also that (p(U) is a normal subgroup of the group of units of q(R). 
It is enough therefore to prove that if R is semisimple and U a R *, where 
U is nonabelian, then U contains a noncyclic free subgroup. 
Since R has a finite left dimension over R we have 
where Ai is a skew tield (i= 1,2,..., k). Let ei be the projection of R on 
(A,)ni. 
Since U is nonabelian we obtain that O,,(U) is nonabelian for some 
1 < i, < k. If niO > 1 we obtain from Lemma 5.1 that U contains a noncyclic 
free subgroup. We can therefore assume that i, = 1, i.e., that BiO is a 
projection of R on a field AiO. Once again, as above, 8,,(U) is a normal 
subgroup of A,*, and dim(A,,: e,,(D)) Q n. Since Si,(U) is nonabelian, 
Lemma 5.2 implies that O,,(U) contains a noncyclic free subgroup and so 
does U. 1 
Proof of Theorem 5.1. There exists, via Lemma 2.1, a characteristic 
torsion free subgroup H of finite index in G such that H/p(H) is free abelian 
and R has a normalizing basis, say, e, = 1, e?,..., e, over the subfield D, 
generated by H; this basis generates an almost inner group of 
automorphisms in H. 
We remark that if follows easily that T” = 0, and that x” = 0 for any 
nilpotent element x E R. 
We give the proof by induction on h(H). 
Step 1. Consider first the case when H is abelian. (It covers, in 
particular, the case when h(H) = 0, i.e., the first step of the induction). 
We remark that D, cannot be an absolute field. One of the arguments 
which proves this is the following. If D, is absolute then R is algebraic over 
Z, and, hence, D is algebraic over Z,,. Once again, Jacobson’s theorem 
implies that D is commutative. But D is generated by a polycyclic-by-finite 
group; hence, D must be a finite field, which contradicts the conditions of the 
assertion. 
Now we apply Proposition 5.2 to conclude that at this step U either 
contains a noncyclic free subgroup or satisfies the relation US 1 + T. 
Step 2. We assume that H is nonabelian. 
Let U a R * and assume that U’ @ 1 + T. We prove that U contains a 
noncyclic free subgroup. 
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First, the condition U’ G 1 + T implies that there exists x,, x2 E U such 
that u = [xi, x1] = x; ‘x; ‘x,x* 6Z 1 + T. There exists therefore v E R such 
that (U - 1)~ is not nilpotent, and, hence, 
((u - 1)V)” # 0. 
Now apply Theorem 4.1 to the nonzero elements 
Xl, x2, u, ((u - l)u)” (5.1) 
of R. We find a subring containing the elements (5.1) and a homomorphism 
8 of Q on a ring Q, with properties (i)-(vi). In particular U, = Un Q* is a 
normal subgroup in Q*, containing the elements x, , x2, u, and property (v) 
implies that 0, is a normal subgroup in the group of units of 0, We have 
also 
((u .- i jay f 6. (5-Z) 
We prove now that fl, contains a noncyclic free subgroup. This will 
complete the proof. 
To prove this consider the elements j?i, X2 E 0, and their commutator ti, 
which satisfies relation (5.2). Since the Jacobson radical J(Q) of Q satisfies, 
via Theorem 4.l(vi), the condition (J(Q))n = 0, we obtain from (5.2) that 
ii & 1 + J(Q). Hence, 
(U,)’ 5.t 1 +J(Q). (5.3) 
But Q has a normalizing basis uL= 1, u *,.:, U, over a subfield A, generated 
by a poly{infinite cyclic} group F with h(F) < h(H). Since it is assumed at 
this step that H is nonabelian, we conclude from Theorem 4.l(ii) that 
h(F) > 1; hence, A is not algebraic over Zp. Now we apply the induction 
hypothesis to conclude that 0, contains a noncyclic free subgroup. I 
THEOREM 5.2. Let D = K(G) be a field generated by a polycyclic-by- 
finite group G. Then any noncentral normal subgroup U (1 D* contains a 
noncyclic free subgroup. 
Proof. Let u be a noncentral element of U. We can find a finitely 
generated subring K, E K such that f E D, = K,(G) and f is noncentral in 
D,. The subgroup U, = U n D, is normal in Dt and it is noncentral there 
because f E U,, . 
If K, is generated (over Z, or Z) by elements z,, z~,..., z, then the 
subgroup H = gp(G, zI, z, ,..,, zn} of D,* is polycyclic-by-finite, because the 
elements zi (i= 1, 2,..., n) are central. Thus, D, is generated by a polycyclic- 
by-finite group H. Since D, contains a noncentral element f it must be 
infinite. 
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Theorem 5.1 implies now that either U, contains a noncyclic free 
subgroup or it is abelian. But an abelian normal subgroup of D$ must be 
central by Cartan-Brauer-Hua theorem. (See [ 12, Sect. VII.131). Since U, is 
noncentral we have only the first possibility. I 
COROLLARY. Let D = T(G), where G is a nilpotent-by-finite group (or 
locally nilpotent-by-locally finite). Then any noncentral normal subgroup 
U 4 D* contains a noncyclic free subgroup. 
Nore added in prooJ: K. A. Brown brought my attention to the fact that the proof of 
Lemma 2.9 and Corollary 1 of it can be simplified essentially and that there exists a unique 
minimal subset of (A,, A, ,..., A,}, namely the set of distinct elements among the ideals 
A,,A,,..., A,. My thanks to him for suggesting a number of improvements. 
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